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ABSTRACT
In the context of forthcoming galaxy surveys, to ensure unbiased constraints on cosmology and gravity when using non-linear
structure information, per cent-level accuracy is required when modelling the power spectrum. This calls for frameworks that
can accurately capture the relevant physical effects, while allowing for deviations from Lambda cold dark matter (CDM).
Massive neutrino and baryonic physics are two of the most relevant such effects. We present an integration of the halo model
reaction frameworks for massive neutrinos and beyond CDM cosmologies. The integrated halo model reaction, combined with
a pseudo-power spectrum modelled by HMCode2020 is then compared against N-body simulations that include both massive
neutrinos and an f(R) modification to gravity. We find that the framework is 4 per cent accurate down to at least k ≈ 3 h Mpc−1 for
a modification to gravity of |fR0| ≤ 10−5 and for the total neutrino mass Mν ≡
∑
mν ≤ 0.15 eV. We also find that the framework
is 4 per cent consistent with EuclidEmulator2 as well as the Bacco emulator for most of the considered νwCDM cosmologies
down to at least k ≈ 3 h Mpc−1. Finally, we compare against hydrodynamical simulations employing HMCode2020’s baryonic
feedback modelling on top of the halo model reaction. For νCDM cosmologies, we find 2 per cent accuracy for Mν ≤ 0.48 eV
down to at least k ≈ 5h Mpc−1. Similar accuracy is found when comparing to νwCDM hydrodynamical simulations with Mν
= 0.06 eV. This offers the first non-linear, theoretically general means of accurately including massive neutrinos for beyond-
CDM cosmologies, and further suggests that baryonic, massive neutrino, and dark energy physics can be reliably modelled
independently.
Key words: methods: analytical – methods: numerical – cosmology: theory – large-scale structure of Universe.
1 IN T RO D U C T I O N
The standard model of cosmology, Lambda cold dark matter
(CDM), is extraordinarily consistent with a wealth of cosmological
data sets, from the cosmic microwave background (CMB, Aghanim
et al. 2020) measurements to measurements of the large-scale
structure of the Universe (LSS, Anderson et al. 2013; Song et al.
2015; Beutler et al. 2017; Hildebrandt et al. 2017; Abbott et al. 2020;
Heymans et al. 2021). Despite this success, the model comes with the
highly contentious perquisite that 95 per cent of the matter-energy
content of the Universe today is ‘dark’, i.e. which have so far have
not been directly detected – cold dark matter (CDM) and a constant
dark energy (). Without understatement, this so called ‘dark sector’
is one of the biggest problems in theoretical physics.
 E-mail: benjamin.bose@unige.ch
In order to gain insight into this problem, the underlying assump-
tions of CDM should be tested. Two of these key assumptions are
as follows:
(i) Dark energy is non-evolving.
(ii) General relativity (GR) is applicable at all scales.
Various alternatives to these assumptions have been proposed,
coming in the form of dynamical dark energy (for reviews see
Copeland, Sami & Tsujikawa 2006; Li et al. 2011) and modifications
to gravity (MG) (for reviews see Clifton et al. 2012; Joyce, Lom-
briser & Schmidt 2016; Koyama 2018). Despite the vast theoretical
space which has been developed, much of this has been very well
constrained by cosmological observations (for a review of recent
constraints see Huterer & Shafer 2018; Ferreira 2019; Noller 2020).
One regime where cosmological and gravitational models are yet
to be stringently tested is at the non-linear scales of LSS. Forthcoming
galaxy surveys promise minute statistical errors at these scales
C© 2021 The Author(s)
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(Euclid Amendola et al. 2018; Blanchard et al. 2020, DESI Levi
et al. 2019, Nancy Grace Roman Space Telescope Akeson et al. 2019,
Vera Rubin Observatory LSST Dark Energy Science Collaboration
2012) which enable the detection of even the tiniest deviations to
the standard model. This all hinges on our ability to theoretically
model the key observables at these scales, including deviations to the
standard model, at the per cent level (Taylor, Kitching & McEwen
2018).
The key quantity of interest when considering LSS observations is
the two-point correlation function, or power spectrum in Fourier
space, of the cosmological matter density field. This quantity is
sensitive at non-linear scales to a host of physical effects which add
new layers of complexity on top of the gravitational and cosmological
modelling. In particular, the effects of a non-zero neutrino mass have
been shown to be significant at the scales of interest (Bird, Viel
& Haehnelt 2012; Blas et al. 2014; Massara, Villaescusa-Navarro
& Viel 2014; Mead et al. 2016; Lawrence et al. 2017; Bird et al.
2018; Tram et al. 2019; Angulo et al. 2020). Further, baryonic
processes also begin to play a role the further we go into the
non-linear regime (e.g. van Daalen et al. (e.g. van Daalen et al.
2011; Mummery et al. 2017; Springel et al. 2018; for a review see
Chisari et al. 2019; van Daalen, McCarthy & Schaye 2020). If we
do not account for these effects, we will not be able to reliably use
the precise non-linear information coming from future surveys. For
example, using these scales without accounting for phenomena such
as baryonic feedback has been shown to produce biased estimates
of cosmological parameters in the context of surveys like Euclid
(Semboloni et al. 2011; Martinelli et al. 2020; Schneider et al. 2020a).
Therefore, there is a pressing need for good theoretical models of
these effects to be integrated in accurate frameworks for the matter
power spectrum in beyond-CDM cosmologies.
Recently, a framework called the halo model reaction was pro-
posed (Cataneo et al. 2019) (for a precursor see Mead 2017) which
offers a means of calculating the non-linear matter power spectrum
at per cent-level accuracy in models beyond CDM. A subsequent
code called ReACT (Bose et al. 2020) was developed, providing a
means to efficiently compute the halo model reaction, making the
framework viable for statistical data analyses, with a first application
to constrain modified gravity using weak-lensing data being made
in Tröster et al. (2020). Moreover, in Cataneo et al. (2020), the halo
model reaction was developed for massive neutrino cosmologies,
assuming GR and a constant dark energy. With respect to baryonic
effects, a number of modelling approaches have been developed
which are based on parametrizing feedback processes and then fitting
to hydrodynamical simulations (Aricò et al. 2020; Schneider et al.
2020a, b; Mead et al. 2021). These promising prescriptions are yet
to be integrated and tested against N-body simulations that include
multiple physical effects simultaneously.
In this paper, we present an extension to the framework of Cataneo
et al. (2019, hereafter C19) to include the effects of massive neutrinos
as modelled in Cataneo et al. (2020), i.e. consistently combining
the beyond-CDM and massive neutrino halo model reactions. We
also include these extensions in ReACT,1 making fast and accurate
predictions for the non-linear power spectrum in beyond-CDM
cosmologies including massive neutrinos. We test the modelling
against N-body simulations in f(R) gravity and against the recently
developed EuclidEmulator2 (Euclid Collaboration et al. 2020) and
the Bacco emulator (Angulo et al. 2020) for evolving dark energy
1Download ReACTwith massive neutrinos: https://github.com/nebblu/ReAC
T/tree/react with neutrinos
cosmologies with massive neutrinos (νwCDM). Finally, we also
check the accuracy of ReACT combined with the baryonic feedback
fit of Mead et al. (2021) against hydrodynamical simulations that
include both massive neutrino effects in standard (νCDM) and
evolving dark energy cosmologies.
This paper is organized as follows: In Section 2, we present the halo
model reaction framework used to compute general modifications
to CDM non-linear power spectra with the inclusion of massive
neutrinos. In Section 3, we assess the halo model reaction’s accuracy
through N-body simulations, state-of-the-art emulators and hydro-
dynamical simulation comparisons. In Section 4, we summarize our
results and conclude.
2 EX T E N D E D H A L O MO D E L R E AC T I O N
Our goal is to precisely model the non-linear power spectrum in
cosmologies that include both massive neutrinos and modifications
to CDM. To do this, we combine the halo model reaction for
beyond-CDM cosmologies (C19) with that for massive neutrinos
(Cataneo et al. 2020).
The non-linear power spectrum, PNL, according to these prescrip-
tions is the product of two key quantities
PNL(k, z) = R(k, z)P pseudoNL (k, z), (1)
with R(k, z) being the halo model reaction and P pseudoNL (k, z) the
non-linear pseudo-power spectrum. The pseudo-power spectrum
describes a cosmology where the non-linear physics are governed by
the CDM model but whose linear clustering at the target redshift
is tuned to match that of the ‘real’, modified cosmology.
2.1 The halo model reaction: R
The halo model reaction R then provides the non-linear corrections
to the pseudo-power spectrum coming from a non-zero neutrino
mass and modifications to dark energy or gravity. At its core, the halo
model reaction is a ratio of halo model quantities – the real cosmology
halo model prediction to the pseudo-halo model prediction. Note that
the benefit of using the pseudo-cosmology as a reference is because
this ensures the mass functions in both real and pseudo-cosmologies
(which have the same linear clustering) are similar. This allows a
smoother transition between two- and one-halo terms. This was one
of the issues in the standard halo model prescriptions (Cooray &
Sheth 2002; Cacciato et al. 2009; Giocoli et al. 2010).
The reaction including the effects of massive neutrinos (Cataneo
et al. 2020) is given by
R(k) = (1 − fν)
2 P
(cb)
HM (k) + 2fν (1 − fν) P (cbν)HM (k) + f 2ν P (ν)L (k)
P
(m)
L (k) + P pseudo1h (k)
,
(2)
with (m) ≡ (cb + ν), cb standing for CDM plus baryons and ν
standing for massive neutrinos. Here, we have included the effects of
massive neutrinos at the linear level in the real cosmology (numerator
of equation 1) through the weighted sum of the non-linear halo
model cb spectrum and massive neutrino linear spectrum (Agarwal














(1 − E)e−k/k + E]P (cb)L (k) + P (cb)1h (k). (4)
Here, we have added in the scale k and boost/suppression factor E
first introduced in C19 that have been shown to help the transition
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between one- and two-halo regimes in modified gravity theories. The
linear spectra for CDM and baryons (P (cb)L ), massive neutrinos (P
(ν)
L )
and total matter (P (m)L ) are provided by MGCAMB (Zhao et al. 2009;
Hojjati, Pogosian & Zhao 2011; Zucca et al. 2019) for a particular
modified gravity model including massive neutrinos or by CAMB
(Lewis & Bridle 2002) for wνCDM cosmologies. The one-halo terms




















where ρ̄ is the background density for the relevant matter species
and u(k, M) is the Fourier transform of the halo density profile. The




[ν ′f (ν ′)]





[ν ′′f (ν ′′)]
d ln ν ′′
d ln M
. (8)
The peak-heights are defined as ν ′ = δMGsc,cb(M)/σcb(Rcb(M)) and
ν ′′ = δsc,m/σ MGm (Rm(M)). δMGsc,cb(M) is obtained from solving the
modified spherical collapse equations in the thin-shell approximation
using only CDM and baryons to source the gravitational potential.
On the other hand, δsc is obtained by solving the standard, CDM
spherical collapse equations using the total matter density to source
the gravitational potential. These definitions can be understood as
follows. For the real cosmology, ν
′
, we follow Hagstotz et al. (2019).
The MG effects are encoded in the initial collapse density through
the spherical collapse computation. Here, we linearly extrapolate the
initial overdensity using a CDM growth following C19. To ensure
no evolutionary dependence on CDM quantities, we must then
use σ to preserve the initial peak statistic. Note that we assume at
early times the linear spectrum in MG and CDM are equivalent.
Secondly, the pseudo-peak-height follows from the definition of such
a cosmology: a massless-neutrino CDM cosmology with the linear
power spectrum provided by the total matter power spectrum of
the MG cosmology (see C19, Cataneo et al. 2020, for details). This
simply means that the linear MG spectrum must be used for the linear
mass variance σ MG, while the (non-linear) spherical collapse uses
CDM physics. Lastly, we use the cold dark matter prescription
first introduced by Costanzi et al. (2013) and later applied to f(R)
gravity cosmologies by Hagstotz et al. (2019) to account for the
effect of massive neutrinos on the halo number density in the real
cosmology.



















|W̃ (kR)|2P (m)L (k). (11)
P
(cb),
L (k) is the linear CDM plus baryon power spectrum in the real
cosmology but without the modification to gravity, i.e. a CDM
cosmology with massive neutrinos.
In this work, we follow the procedure of C19: we use a Sheth–
Torman mass function (Sheth & Tormen 1999, 2002), a standard
power-law concentration–mass relation (see e.g. Bullock et al. 2001)
and the halo density profile described in Navarro, Frenk & White
(1997). We describe what inaccuracies these prescriptions incur in
Section 4. Further, we also use the C19 definition for the virial radius.
As in C19, the effect of modified gravity and/or massive neutrinos
only enters these quantities through the collapse density and the
virial theorem, determining the time of virialization. The collapse
density and linear variance of mass fluctuations also change the
concentration–mass relation, and further, for wCDM cosmologies we
introduce the factor motivated by Dolag et al. (2004) in this relation,
following C19. While the form of the mass function and density
profile will be modified in non-standard cosmologies, keeping the
standard forms serves as a good first approximation. We discuss
going beyond this approximation in Section. 4.
One can derive the E parameter in equation (4) as the limit
E = (1 − fν)
2P
(cb)
1h (k → 0)
P
pseudo
1h (k → 0)
. (12)
To calculate k that appears in equation (4), we need to use the one-
loop standard perturbation theory (SPT) prediction for the reaction.
In particular, we must solve R(k0) = RSPT(k0). We do this at the
wavenumber k0 = 0.06 h Mpc−1 which is small enough to ensure
the validity of the one-loop SPT predictions, following C19. The
SPT reaction is given by
RSPT(k0) =















0 = P (cb)SPT (k0) + P (cb)1h (k0),
P
pseudo
0 = P pseudoSPT (k0) + P pseudo1h (k0), (14)
where P (cb)SPT (k0) is computed following Saito, Takada & Taruya (2009)
with P (cb)L (k) for the MG + Mν cosmology. Mν is the sum of the
neutrino masses, Mν ≡
∑
mν , where mν is the mass of the individual
species. The one-loop spectrum is given by
P
(cb)
SPT (k) = P (cb)L (k) + P (cb)22 (k) + P (cb)13 (k). (15)
Including both MG and massive neutrinos in the one-loop compu-












× P (cb)L (kr)P (cb)L (k
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1 + r2 − 2rx) dx , (16)
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where again, P (cb)L is taken from MGCAMB and Fi, i ∈ {1, 2, 3},
being the first-, second-, and third-order SPT overdensity kernels. No
massive neutrino effects are included in the modified SPT kernels Fi
and they are computed using only CDM and baryons as sources to
the gravitational potential. The kernels are computed as described in
Bose & Koyama (2016). This massless-neutrino approximation for
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the SPT kernels was validated against simulations in the SPT regime
of validity in Wright et al. (2019).
The SPT pseudo computation is given by
P
pseudo
SPT (k) = P (m)L (k) + P pseudo22 (k) + P pseudo13 (k), (18)
where we do not use the ‘no-screening’ approximation as in C19.
Here, the 22 and 13 loop terms are calculated as in equations (16) and
(17) with all cb spectra replaced by the total matter spectra in the real,
MG + Mν cosmology and solving the first-, second-, and third-order
SPT kernels without a modification to the Poisson equation, i.e. we
replace Fi,MG → Fi,CDM and P (cb)L → P (m)L in equations (16) and
(17).
We note that the formulation outlined in equation (2) has the
property that in the limit fν → 0, we recover the results of C19,
while in the case of no modification to gravity one gets R(k0) ≈ 1 as
expected from Cataneo et al. (2020), meaning we do not need SPT
for νCDM nor νwCDM cosmologies. Indeed, these parameters
(and the modification of the real two-halo term), were introduced to
account for new mode-couplings and screening mechanisms when
moving from linear to non-linear power spectrum. While these pa-
rameters naturally go to their GR values for the νwCDM cosmologies
we have considered, the code includes a flag for the inclusion or
exclusion of modified gravity (and of SPT) to ensure theoretical
consistency and protect against numerically related deviations of k
and E in cosmologies without modifications to gravity.
2.2 Theoretical accuracy and the pseudo-power spectrum
We note that the accuracy of equation (2) relies on the accuracy
of both P pseudoNL and R. It was shown in C19 that R is accurate
at the 1 per cent level at k ≤ 1 h Mpc−1 for all considered beyond-
CDM cosmologies. In Cataneo et al. (2020), it was shown that R
is accurate at the 1 per cent level at k ≤ 10 h Mpc−1 for νCDM
cosmologies with Mν ≤ 0.4 eV. These estimates all made use of an
N-body simulated P pseudoNL which introduces negligible inaccuracy to
the final PNL prediction. We do not have the benefit of such accurate
pseudo-spectra for the cosmologies we are considering in this work.
Instead, we model the pseudo-spectrum using the halo model
inspired fitting formula of Mead et al. (2021) which is accurate at
the 5 per cent level for k < 10 h Mpc−1 which sets the accuracy for
our theoretical predictions for k ≤ 1 h Mpc−1. Above this, we also
incur inaccuracies from R, largely attributed to inaccuracies in the
halo mass function and concentration-mass relation of the real and
pseudo-cosmologies.
Our adopted prescription for the pseudo-spectrum can be com-
puted using the publicly available HMCode2020.2 In practice, this
is achieved by giving the modified linear (total matter) spectrum to
HMCode2020 with all parameters set to their CDM values.
In the ideal case, one would make use of a bespoke emulator as
suggested in Giblin et al. (2019). Such an emulator would be able to
match a large range of target linear spectra. For models which only
introduce a scale-independent growth modification at the linear level,
one could conceivably use standard emulators based on GR such as
Bacco or EuclidEmulator2 and adjust the linear spectrum amplitude
through σ 8 or As parameters, to match the target linear amplitude,
but for scale-dependent theories, and indeed for the inclusion of
massive neutrinos, matching the target linear spectrum becomes non-
trivial for these emulators. This is both because of the non-trivial
shape of the linear power spectrum for some beyond-CDM theories
2Download HMCode2020: https://github.com/alexander-mead/HMcode
such as f(R) and any theory combined with massive neutrinos, but
also because of the restricted range in parameter space of the GR
emulators.
One general issue of the emulator approach, even with a bespoke
pseudo emulator, is that of interpolation error. A finite number of
nodes will result in some inaccuracy for cosmologies between the
nodes. In Giblin et al. (2019), they find that a few hundred nodes are
sufficient for ∼2 per cent accuracy down to k = 10 h Mpc−1 for z ≤
1. This can be further ameliorated by sensibly reducing the emulated
parameter volume based on the posterior distribution of a particular
statistic of interest (see, e.g. DeRose et al. 2019; Rogers et al. 2019,
for possible strategies).
On the other hand, the non-linear pseudo-power spectrum as
modelled by a fitting function such as HMCode2020 does not have
parameter range issues nor interpolation errors as it uses the exact
target linear spectrum as input. Despite this, it does suffer from a lack
of precision coming from its relatively low number of free parameters
which are also fit to a relatively limited set of N-body simulations.
In the ideal case, a sufficiently accurate and comprehensive
emulator as proposed in Giblin et al. (2019) would be used. We
comment more on the ideal setup in Section 4.
In the next section, we test the combination of these effects against
N-body simulations and state-of-the-art emulators.
3 AC C U R AC Y VA L I DAT I O N O F TH E
MODELLI NG AGAI NST SI MULATI ONS AND
EMULATO RS
We compare the theoretical prediction given by equation (1) to
highly accurate estimates for the non-linear matter power spectrum.
Specifically, we consider sets of simulation measurements and state-
of-the-art emulators for beyond-CDM cosmologies.
3.1 Massive neutrinos in beyond-CDM
We will consider two beyond-CDM scenarios with the inclusion
of massive neutrinos:
(i) The Hu–Sawicki (Hu & Sawicki 2007) f(R) gravity model,
which induces scale-dependent growth and comes with an
environment-dependent screening mechanism, allowing the recovery
of GR within the Solar system. |fR0| is the free parameter of the theory
and is the value of the scalar field today.
(ii) An evolving dark energy parametrized as in Chevallier &
Polarski (2001) and Linder (2003), which we will denote as wCDM.
This comes with two free parameters: the equation of state of dark
energy today (w0) and one governing its time evolution as w(a) =
w0 + (1 − a)wa.
3.1.1 f(R) gravity with massive neutrinos
For this scenario, we will compare the predictions of equation
(1) with the DUSTGRAIN-pathfinder simulations (Giocoli, Baldi
& Moscardini 2018). The DUSTGRAIN-pathfinder simulations
are part of a suite of cosmological runs designed to sample a
variety of combinations of modified gravity and massive neutrinos
cosmologies. The runs have been performed with the MG-GADGET
code (Puchwein, Baldi & Springel 2013), and subsequently post-
processed for different studies (Corasaniti, Giocoli & Baldi 2020;
Girelli et al. 2020) including weak-lensing light-cones using the
MapSim routine (Giocoli et al. 2015; Hilbert et al. 2020). Weak-
lensing observables have been validated and studied in a variety
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Figure 1. Comparison of theoretical predictions to DUSTGRAIN-pathfinder
measurements in f(R) + Mν (case a in main text) with |fR0| = 10−6 and Mν
= 0.1 eV. We compare the ratio of the f(R) + Mν P(k) to the CDM P(k),
in the two cases. Top is z = 0 and bottom is z = 1. We show linear (red
dotted), HMCode2020 pseudo (green dashed) and HMCode2020 pseudo
with reaction (green solid) predictions.
Figure 2. Comparison of theoretical predictions to DUSTGRAIN-pathfinder
measurements in f(R) + Mν (case b in main text) with |fR0| = 10−5 and Mν
= 0.1 eV. We compare the ratio of the f(R) + Mν P(k) to the CDM P(k),
in the two cases. Top is z = 0 and bottom is z = 1. We show linear (red
dotted), HMCode2020 pseudo (green dashed) and HMCode2020 pseudo
with reaction (green solid) predictions.
of works going from standard two-point statistics and PDF (Boyle
et al. 2020) to more complex machine-learning analyses (Merten
et al. 2019; Peel et al. 2019). In addition, the runs have been used to
study halo clustering (Garcı́a-Farieta et al. 2019) and void properties
(Contarini et al. 2021), respectively.
Figure 3. Comparison of theoretical predictions to DUSTGRAIN-pathfinder
measurements in f(R) + Mν (case c in main text) with |fR0| = 10−5 and Mν
= 0.15 eV. We compare the ratio of the f(R) + Mν P(k) to the CDM P(k),
in the two cases. Top is z = 0 and bottom is z = 1. We show linear (red
dotted), HMCode2020 pseudo (green dashed), and HMCode2020 pseudo
with reaction (green solid) predictions.
These simulations have a baseline cosmology of h = 0.6731, ns =
0.9658, m = 0.31345, b = 0.0491, and As = 2.2 × 10−9; following
the evolution of 7683 dark matter particles – doubled in presence of
massive neutrinos – in a volume of 750 Mpc h-1 by side with periodic
boundary conditions. Initial conditions have been generated at z =
99 from a random realization of an initial power spectrum computed
using CAMB.
In this work, we consider three models in the 2D parameter space
{fR0, Mν} of increasing deviation from CDM:
(a) Low: Mν = 0.1 eV (ν = 0.00238, cdm = 0.26197), |fR0| =
10−6.
(b) Medium: Mν = 0.1 eV (ν = 0.00238, cdm = 0.26197), |fR0|
= 10−5.
(c) High: Mν = 0.15 eV (ν = 0.00358, cdm = 0.26077), |fR0|
= 10−5.
In Figs 1–3, we show the relative change of the matter power
spectrum in the modified cosmologies to CDM, i.e. the ratio of the
ratio Pf(R)(k)/PCDM between the theoretical prediction and the sim-
ulation measurement, for cases (a)–(c), respectively. For reference,
we also show the linear theory prediction and the prediction without
the reaction, i.e. P pseudoNL (k, z).
We find that for all cases the halo model reaction with the pseudo-
spectrum prescription of Mead et al. (2021) is 2(4) per cent accurate
for all cases at scales k ≤ 1(2) h Mpc−1 at z = 0. Considering
highly non-linear scales, the low deviation case, (a), is 2 per cent
accurate at scales k ≤ 10 h Mpc−1 for z = 0 and z = 1. At z =
0(1), case (b) and (c) show up to 5(3) per cent and 6(4) per cent
deviations, respectively, within k ≤ 5h Mpc. Note that this is the
limiting accuracy of HMCode2020, but without a measurement of
the true pseudo-spectrum from simulations, we cannot discriminate
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Figure 4. Each column shows the ratio of a particular prescription for the non-linear matter power spectrum to the EuclidEmulator2 prediction. The various
lines represent cosmologies with a different choice of sum of neutrino mass Mν and dark energy equation of state parameters {w0, wa}. Top panels show the
results for z = 0 and bottom panels for z = 1.
To investigate this issue, we have run a set of COmoving La-
grangian Acceleration (COLA) simulations, including a set for the
pseudo-cosmology, using the approach from Winther et al. (2017)
and Wright, Winther & Koyama (2017) that is implemented in the
COLA code FML3. These results are presented in Appendix A. For
case (b), we find that the accuracy of the pseudo-COLA spectrum
application is less than 2 per cent for k ≤ 3 h Mpc−1 at z = 1,
while for (a) it is less than 3 per cent. This indicates that the bump
shown by the solid green lines in the bottom panels of Figs 2 and
3 partially comes from HMCode2020. We comment on this further
in Appendix A and await full N-body simulations for the pseudo-
cosmology to investigate this issue further.
Finally, we note that the tilt (and non-unity) observed in the
comparisons at large scales (k ≤ 0.02 h Mpc−1) is likely due to
relativistic effects for massive neutrino cosmologies, included in the
MGCAMB predictions but not in the simulations. Similar effects were
observed in Tram et al. (2019) and Massara et al. (2014). We also
note a similar trend when comparing to the BAHAMAS simulations
in Section 3.2.
3.1.2 wCDM with massive neutrinos
For this scenario, we will compare the predictions of equation (1) with
predictions given by the Bacco emulator4 (Angulo et al. 2020) and
the EuclidEmulator25 (Euclid Collaboration et al. 2020). The Bacco
(EuclidEmulator2) is expected to be accurate at the 3(≤ 1) per cent
level down to k = 5(10)h Mpc−1.
We adopt the base cosmology h = 0.7, ns = 0.972, m = 0.2793,
and b = 0.0463. We then take six samples from the overlapping





− 1.15, −0.85], [ − 0.3, 0.3]}. For these six cosmologies, we compare
the EuclidEmulator2 emulator predictions with the Bacco emulator,
the Halofit-fitting formula (Takahashi et al. 2012), the stand-alone
HMCode2020 predictions and finally with equation (1) (a non-linear
pseudo-spectrum given by HMCode2020 combined with the halo
model reaction given in equation 2).
We show the ratios of the various prescriptions for PNL(k) to
the EuclidEmulator2 in Fig. 4. We find that an HMCode2020
prescription for the pseudo-spectrum combined with the halo model
reaction offers 1(2) per cent consistency with EuclidEmulator2 at z
= 1(0) for k ≤ 1 h Mpc−1 for the full range of νwCDM cosmologies
considered. The accuracy remains at the 2 per cent level down to
k = 5 h Mpc−1 at z =0 for all cosmologies but worsens to the
5 per cent level for large values of |wa| at z = 1.
The accuracy of our approach is comparable to HMCode2020’s
νwCDM predictions over the full range of cosmologies while Bacco
deviates largely for large modifications to a constant dark energy
which is consistent with the results shown in appendix A of Contreras
et al. (2020). Halofit, on the other hand, shows up to 5 per cent
disagreement for all cosmologies beyond k ≈ 0.5 h Mpc−1.
To further test the limitations of our modelling prescription,
we have also investigated some extreme parameter choices which
are well beyond the current cosmological constraints (see e.g.
Aghanim et al. 2020). These are shown in Fig. 5. We consider
two large neutrino mass cases which are permitted by the Bacco
emulator range and two large deviations from a constant dark
energy permitted by the Euclid emulator range. For most cases,
we find equation (1) remains within 2 per cent of the emulators
down to k = 1 h Mpc−1 at z = 0 and z = 1 with the exception
of a case with wa = 0.5 which is at the edge of the range at
which the current version of ReACT is numerically stable (wa
≤ 0.8). This case deviates by more than 2 per cent from Eu-
clidEmulator2 at k ≈ 0.3 h Mpc−1. Again HMCode2020 shows
similar consistency with the emulators in this range overall while
halofit disagrees with the emulators beyond 5 per cent above
k ≈ 5 h Mpc−1.
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Figure 5. ‘Extreme’ cases: Each column shows the ratio of a particular prescription for the non-linear matter power spectrum to an emulator prediction. In
particular, the orange curves are compared to the Bacco emulator while the purple curves to the EuclidEmulator2. The various lines represent cosmologies with
a different choice of sum of neutrino mass Mν and dark energy equation of state parameters {w0, wa}. Top panels show the results for z = 0 and bottom panels
for z = 1.
In all cases considered, we note that the reaction adds significant
accuracy to the HMCode2020 pseudo-spectrum, especially above k
= 1h Mpc−1.
3.2 Including baryonic feedback
We now look to include baryonic effects in our predictions. To do this
we make use of the feedback modelling included in HMCode2020.
We compare to the BAHAMAS suite of cosmological hydrody-
namical simulations (McCarthy et al. 2017, 2018). In particular,
we will make use of the νCDM and νwCDM BAHAMAS
simulations described in van Daalen et al. (2020) and Pfeifer et al.
(2020), respectively. The HMCode2020 feedback parameter is set
to log10(TAGN/K) = 7.8, which was fit to the νCDM BAHAMAS
simulations (Mead et al. 2021).
The effects of feedback from AGN and stellar sources (super-
novae) are incorporated in the BAHAMAS simulations using subgrid
models that have a number of free parameters. As described in
McCarthy et al. (2017), these parameters were adjusted so that the
simulations reproduce the local galaxy stellar mass function and the
hot gas mass fractions of galaxy groups and clusters, thus ensuring
that massive haloes (which contribute the most to the matter power
spectrum) have the correct baryon fractions. Note that van Daalen
et al. (2020) have shown that having the correct baryon fractions
is key to obtaining a realistic impact of baryons on the total matter
power spectrum. Furthermore, both McCarthy et al. (2018) and van
Daalen et al. (2020) have shown that the impact of baryons on
the power spectrum is only very weakly dependent on cosmology
(primarily through the universal baryon fraction, b/m), such that
recalibration of the feedback is generally unnecessary when varying
cosmology. Indeed, for the νCDM and νwCDM simulations we use
here, the feedback prescription was left unchanged from the fiducial
BAHAMAS run but it was verified that the relative impact of the
power spectrum (or the predicted baryon fractions) did not change
by more than about a per cent. Finally, we note that van Daalen
et al. (2020) have demonstrated that on very large scales (where the
impact of baryons is expected to be unimportant) the ratio of the
hydro simulations to their dissipationless counterparts converges to
typically better than 0.1 per cent accuracy, which might be viewed
as the numerical accuracy of the predicted (relative) power spectra.
3.2.1 νCDM
We consider the WMAP9 cosmology of this suite which adopts the
baseline parameters h = 0.7, ns = 0.972, m = 0.2793, b = 0.0463,
and As = 2.392 × 10−9. We consider three massive neutrino cases:
(a) Low mass: Mν = 0.06 eV (ν = 0.0013, cdm = 0.2317).
(b) Medium mass: Mν = 0.24 eV (ν = 0.0053, cdm = 0.2277).
(c) High mass: Mν = 0.48 eV (ν = 0.0105, cdm = 0.2225).
We again show the ratio of the quantity Pmnu + b(k)/PCDM, where
‘mnu+b’ stands for the massive neutrino cosmology with baryonic
effects, between the theoretical predictions and the simulation
measurements.6 This is shown for cases (a)–(c) in Figs 6–8, respec-
tively. For all cases, we find that the halo model reaction combined
with the HMCode2020 pseudo-spectrum is ≤ 3 per cent accurate
for k ≤ 5 h Mpc−1 for z = 0 and 1, with the predictions generally
being more accurate for lower neutrino mass and z = 0. Further, for
all cases, we find sub-per cent agreement over all scales and redshifts
between the stand-alone HMCode2020 and the halo model reaction
with a pseudo HMCode2020 prediction. We note that the feedback
model of HMCode2020 is fit to the BAHAMAS simulations and so
the high degree of accuracy is not surprising.
6The PCDM quantity includes no baryonic nor massive neutrino effects i.e.
the simulation measurement is from a dark matter-only simulation as opposed
to cases (a), (b) and (c) which are all made from hydrodynamical simulations
with massive neutrinos.
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Figure 6. Comparison of theoretical predictions to BAHAMAS measure-
ments in νCDM (case a in main text) with Mν = 0.06 eV. We compare
the ratio of the νCDM P(k) to the CDM P(k), in the two cases. Top is
z = 0 and bottom is z = 1. We show linear (red dotted), HMCode2020
pseudo (green dashed), HMCode2020 pseudo with reaction (green solid)
and HMCode2020 (cyan solid) predictions.
Figure 7. Comparison of theoretical predictions to BAHAMAS measure-
ments in νCDM (case (b) in main text) with Mν = 0.24 eV. We compare
the ratio of the νCDM P(k) to the CDM P(k), in the two cases. Top is
z = 0 and bottom is z = 1. We show linear (red dotted), HMCode2020
pseudo (green dashed), HMCode2020 pseudo with reaction (green solid)
and HMCode2020 (cyan solid) predictions.
It is worth highlighting that the baryonic feedback model of
HMCode2020 is implemented through another ‘reaction’, that of
the dark matter spectrum to baryonic effects. Thus, our predictions
are applying two reactions independently: one for massive neutrinos
Figure 8. Comparison of theoretical predictions to BAHAMAS measure-
ments in νCDM (case (c) in main text) with Mν = 0.48 eV. We compare
the ratio of the νCDM P(k) to the CDM P(k), in the two cases. Top is
z = 0 and bottom is z = 1. We show linear (red dotted), HMCode2020
pseudo (green dashed), HMCode2020 pseudo with reaction (green solid)
and HMCode2020 (cyan solid) predictions.
and one for baryonic effects, both based on different conventions.
Ideally, these would be combined consistently into a single reaction
as we have done for massive neutrinos and modified gravity or dark
energy. We leave this for future work. This being said, the results of
Mead et al. (2016) show a high degree of independence between
massive neutrino and baryonic effects down to k = 10 h Mpc−1
which is consistent with both the accuracy found in Figs 6–8, as
well as the consistency between the single reaction application of
HMCode2020 (cyan curves) and the double-reaction application
HMCode2020-pseudo together with the massive neutrino reaction.
Again, we also note the tilt (and non-unity ratio) observed in
the comparisons at large scales are likely due to relativistic effects
included in the linear power spectrum produced by MGCAMB, as also
noted in the DUSTGRAIN-pathfinder simulation comparisons.
3.2.2 νwCDM
We will make use of three simulations from this suite, all of which
have ns = 0.97 and a neutrino mass of Mν = 0.06 eV. The other
cosmological parameters are detailed as follows:
(a) Non-phantom: m = 0.286, b = 0.0462, H0 = 69.97, σ 8 =
0.819 and {w0, wa} = { − 0.67, −1.45}.
(b) Phantom: m = 0.309, b = 0.0501, H0 = 67.25, σ 8 = 0.773
and {w0, wa} = { − 1.16, 0.73}.
(c) νCDM: m = 0.294, b = 0.0476, H0 = 68.98 and σ 8 =
0.802 (dark matter only).
In this subsection, the theoretical predictions for cases (a) and (b)
follow equation (1) with R including both evolving dark energy
and massive neutrino effects while P pseudoNL again includes baryonic
feedback effects. Case (c) will also follow equation (1) but R will
only model the effect of a non-zero neutrino mass and P pseudoNL
will include no baryonic feedback effects. We again show the
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Figure 9. Comparison of theoretical predictions to BAHAMAS measure-
ments in non-phantom νwCDM (case a in main text) with Mν = 0.06 eV. We
compare the ratio of the νwCDM P(k) to the νCDM P(k), in the two cases.
Top is z = 0 and bottom is z = 1. We show linear (red dotted), HMCode2020
pseudo (green dashed), HMCode2020 pseudo with reaction (green solid) and
HMCode2020 (cyan solid) predictions.
stand-alone HMCode2020 predictions too which supports νwCDM
cosmologies.
We note that the simulation measurements in these cases are of
the cold dark matter plus baryon (cb) power spectrum and do not
include the massive neutrino contribution directly. The theoretical
predictions have been adjusted accordingly. We have checked that
for the ratios we plot, the theoretical predictions for the full matter
spectrum and for the cb spectrum are almost identical.
The ratio of cases (a) and (b) to case (c) as given by theory
to the same ratio as measured from the simulations are shown
in Figs 9 and 10 respectively. For both cases, we find that the
halo model reaction combined with a HMCode2020 pseudo is
≤ 2 per cent accurate for k ≤ 5 h Mpc−1 for z = 0 and 1. As in the
νCDM cases shown in Section 3.2.1, the predictions of equation
(1) are generally in sub-per cent agreement with the stand-alone
HMCode2020 predictions.
The lack of a CDM simulation without massive neutrinos
nor higher neutrino mass νwCDM simulations prevents us from
investigating the accuracy of our combined massive neutrino and
evolving dark energy theoretical prescription in more detail. We do
however find that the accuracy demonstrated for these two cases is
shown for all the νwCDM cosmologies outlined in Pfeifer et al.
(2020), with the inclusion of the reaction R generally adding to
the accuracy of equation (1). Further, this supports the reliability of
modelling evolving dark energy and baryonic effects independently.
Finally, we note that the magnitude and shape of the reaction in our
calculations inferred from Fig. 9 is very similar to what was found
in C19. In particular their DE5 case is very similar to our case (a),
exhibiting a 2 per cent accuracy with their dark matter simulations
up to k ∼ 5 h Mpc−1. This further indicates that the small neutrino
mass, baryonic effects and variation in cosmology within the ratio of
our cases (a)–(c) has minimal effect.
Figure 10. Comparison of theoretical predictions to BAHAMAS measure-
ments in phantom νwCDM (case b in main text) with Mν = 0.06 eV. We
compare the ratio of the νwCDM P(k) to the νCDM P(k), in the two cases.
Top is z = 0 and bottom is z = 1. We show linear (red dotted), HMCode2020
pseudo (green dashed), HMCode2020 pseudo with reaction (green solid) and
HMCode2020 (cyan solid) predictions.
Table 1. Maximal per cent deviation of the halo model reaction with HM-
Code2020 against various benchmarks at different scales when comparing
the ratio of the target spectrum to a CDM spectrum. We show the per cent
deviation from the benchmark at z = 0 and z = 1. We have considered 0.06 eV
≤Mν ≤ 0.48 eV, |fR0| ≤ 10−5 and a broad range of {w0, wa}. EE2 stands
for EuclidEmulator2. For the emulator accuracies, we do not consider the
‘extreme’ cases shown in Fig. 5.
k ≤ 1 h Mpc−1 k ≤ 3 h Mpc−1
Benchmark z = 0 z = 1 z = 0 z = 1
f(R) + Mν (DUSTGRAIN-pathfinder) 2% 3% 5% 4%
νCDM (BAHAMAS) 2% 2% 2% 2%
νwCDM (EE2) 2% 1% 2% 4%
νwCDM (Bacco) 2% 1% 2% 4%
νwCDM (BAHAMAS) 2% 2% 2% 2%
4 SU M M A RY
In this paper, we have combined the halo model reaction for modified
gravity and non-constant dark energy (C19) with the halo model
reaction for massive neutrinos (Cataneo et al. 2020). Combined
with a baryonic feedback model and an accurate pseudo-spectrum
prescription, this offers an analytic means to model theoretically
general matter power spectra in the non-linear regime of structure
formation at per cent level accuracy. We have implemented this
extension into the ReACT code (Bose et al. 2020).
We have tested the halo model reaction applied to a pseudo-
spectrum given by the halo model-based prescription of Mead
et al. (2021) (HMCode2020) against the DUSTGRAIN-pathfinder
simulations (Giocoli et al. 2018), the BAHAMAS hydrodynamical
simulations (McCarthy et al. 2017; Pfeifer et al. 2020), the Bacco
emulator (Angulo et al. 2020), and the official Euclid emulator
(Euclid Collaboration et al. 2020). Our results are summarized in
Table 1.
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We find that the theoretical model is generally applicable at the
3 per cent-accuracy level for k ≤ 1 h Mpc−1 for Mν ≤ 0.15 eV, |fR0| ≤
10−5 and observationally permitted values of {w0, wa} (see Pfeifer
et al. 2020). Tests with more accurate pseudo-prescriptions, such
as COLA simulations, show that most of the inaccuracy over this
range of scales comes from the HMCode2020 pseudo-spectrum
prescription. This was also shown in C19. Improvements to the
non-linear pseudo-power spectrum are thus essential for achieving
the theoretical accuracy requirements of upcoming surveys such as
Euclid.
For low neutrino masses (Mν ≤ 0.1 eV) and low deviations to
CDM (e.g. for an f(R) modification, |fR0| ≤ 10−6), the halo model
reaction and HMCode2020 can be reliably applied at 2 per cent
accuracy at scales k ≤ 3 h Mpc−1. Further, we have also found that
evolving dark energy and massive neutrino effects can be reliably
modelled independently of baryonic feedback effects, although we
aim to test the consistent combination of these effects in future
work. This is consistent with the work of Mummery et al. (2017)
and Pfeifer et al. (2020), which shows that baryonic effects on
the matter power spectrum can be treated independently of the
effects of massive neutrinos and evolving dark energy down to
an accuracy of ≤ 2 per cent and ≤ 1 per cent, respectively. The
accuracy of the model proposed in this paper is in superb agreement
with current state-of-the-art prescriptions for νwCDM cosmologies,
particularly HMCode2020, with the advantage of offering greater
model generality and clear pathways for improvement in accuracy.
On this point, the combination of HMCode2020 and ReACT of-
fers a very competitive framework to constrain νwCDM cosmologies
as well as modified gravity, using say cosmic shear data. It can also
be used to extend the recent neural networkBaCoN (Mancarella et al.
2020) to distinguish between non-zero neutrino masses and modified
cosmologies and gravity. The modelling of modified gravity theories
with scale-dependent growth and massive neutrinos is slightly more
restrictive in the scales that it can be reliably applied to. We expect
theories with scale-independent growth, such as the DGP braneworld
model (Dvali, Gabadadze & Porrati 2000), to be better modelled by
this framework when also including massive neutrinos (see e.g. C19).
As stated, the main source of inaccuracy for scales k ≤ 3 h Mpc−1
is the HMCode2020 pseudo-power spectrum prescription.This lim-
iting accuracy is confirmed in our comparisons where we observe
sub-per cent agreement between the halo model reaction approach
and the ‘pure’ HMCode2020 predictions for all νwCDM cosmolo-
gies considered. Further inaccuracy in our approach comes from
ill-calibrated mass functions in both pseudo and target cosmologies
as well as inaccurate concentration-mass relations. This was also
shown in Srinivasan et al. (2021) where they were able to significantly
improve the theoretical accuracy by tuning the halo concentration-
mass relation within the halo model reaction. Similarly in C19, they
show the benefit of using the ‘correct’ c-M relation. In Fig. 11,
we illustrate the ideal setup for the non-linear power spectrum
predictions under this framework. The pseudo-spectrum is given
by a bespoke emulator as proposed in Giblin et al. (2019), as are
the (CDM based) pseudo-spherical collapse quantities. The real
spherical collapse quantities are parametrized and constrained by
astronomical observations, such as cluster abundance data. The real
halo density profile used in the reaction can also be constrained
by data such as total matter profiles, which would also give a self-
consistent model for baryonic effects.
In future work, we aim to integrate the massive neutrino section
of the code into CosmoSIS (Zuntz et al. 2015) and perform Markov
chain Monte Carlo analyses on the measured cosmic shear spectrum
from beyond-CDM simulations to set clear scale cuts on the
Figure 11. An idealized pipeline for the non-linear power spectrum (green
trapezium) computation. Data sets (orange trapezium), such as cluster abun-
dances, directly constrain the real halo mass function (cyan rectangle) while
a suite of CDM based simulations (yellow trapezium) provide emulated
pseudo-halo model ingredients (red rectangle) (we exclude the density profile
since NFW works sufficiently well). These same simulations are used to
construct the pseudo-non-linear power spectrum (grey rectangle). The halo
model ingredients are provided to a code such as ReACT to compute the halo
model reaction (blue rectangle). Standard plus the extended cosmological
parameters describing beyond-CDM physics (including neutrino mass) are
supplied to both the emulated quantities as well as the reaction computation.
The baryonic feedback effects are ideally self consistently included in the
halo model through ρrealDM,gas,stars constrained by total matter profiles, or can
be optionally added on to P pseudoNL separately through some feedback model
(beige trapezium).
framework as well as forecasts for upcoming surveys. We also
aim at testing the independency of baryonic effects and modified
gravity/dark energy/massive neutrinos. As mentioned above, some
work in this direction has been carried out by Mummery et al. (2017)
and Pfeifer et al. (2020) (for massive neutrino and DE cosmologies),
and by Arnold & Li (2019) [for f(R) gravity]. Most likely Vainshtein
screening is highly effective at screening haloes, so one would
expect almost perfect decoupling between baryonic feedback and
MG physics.
We are also currently working on generalizing the parametrization
of modified gravity and dark energy within the halo model reaction.
This could then be validated against parametrized N-body simula-
tions which have seen significant development recently (Hassani &
Lombriser 2020; Srinivasan et al. 2021).
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Aricò G., Angulo R. E., Contreras S., Ondaro-Mallea L., Pellejero-Ibañez
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APPENDIX A : SIMULATING THE
PSEUDO-SPECTRU M W ITH COLA IN f(R)
GRAV ITY WITH MASSIVE NEUTRINOS
Here, we check the accuracy of the HMCode2020 prescription for
the non-linear pseudo-power spectrum by running a set of COmoving
Lagrangian Acceleration (COLA) simulations in f(R) gravity with
massive neutrinos using the approach from Winther et al. (2017) and
Wright et al. (2017) that is implemented in the publicly available
COLA code FML. These are approximate simulation methods that
make use of second-order Lagrangian perturbation theory to trade
accuracy on small scales for faster speed overall, while keeping
accuracy on large scales. We note that due to the approximate nature
of these COLA simulations, we do not expect their pseudo-spectra,
which are essentially a CDM simulation with modified initial
conditions, to match the accuracy of those from HMCode2020,
which is fit to full N-body simulations, for k  1 h Mpc−1 at z = 0.
We have selected the medium and high deviation from CDM cases,
Figure A1. Ratio of theoretical predictions to DUSTGRAIN-pathfinder
measurement of the f(R) to the (massless neutrino) CDM P(k) ratio with
|fR0| = 10−5 and Mν = 0.1 eV. Top is z = 0 and bottom is z = 1. We show
the full COLA measurements (grey triangles), the HMCode2020 pseudo
with reaction (green solid) predictions and the COLA pseudo with reaction
(magenta solid) predictions.
Figure A2. Ratio of theoretical predictions to DUSTGRAIN-pathfinder
measurement of the f(R) to the (massless neutrino) CDM P(k) ratio with
|fR0| = 10−5 and Mν = 0.15 eV. Top is z = 0 and bottom is z = 1. We show
the full COLA measurements (grey triangles), the HMCode2020 pseudo
with reaction (green solid) predictions and the COLA pseudo with reaction
(magenta solid) predictions.
(b) and (c), described in Section 3.1.1, so |fR0| = 10−5 and Mν =
0.1 eV (b) and Mν = 0.15 eV (c).
We show the results in Figs A1 and A2. The grey triangles show
the ratio of ratios between the two COLA simulation measurements
of the power spectrum, in the modified cosmology and CDM, to
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Figure A3. The matter power spectrum reaction as measured from COLA
(grey triangles), the halo model reaction prediction (green solid) and the one-
loop perturbation theory prediction (magenta solid) at z = 1 for cases (b) (top
panel), and (c) (bottom panel).
the same ratio for the DUSTGRAIN-pathfinder N-body simulations.
This gives an indication of the overall accuracy of the COLA
approach. For Mν = 0.1(0.15) eV we find that, at z = 1, the reaction
given in equation (2) combined with a COLA measured pseudo-
spectrum is at least 2(3) per cent accurate at scales k ≤ 3 h Mpc−1.
For both cases, at z = 0 the 2 per cent accuracy-level of the COLA
pseudo with the halo model reaction is guaranteed for scales less than
k ≈ 1 h Mpc−1, which is roughly the same accuracy as the ratio of the
full COLA simulations when compared to DUSTGRAIN-pathfinder.
Importantly, these comparisons indicate that a significant part of
the inaccuracies seen at z = 1 at k ≤ 3 h Mpc−1 for the medium
(b) and high (c) deviation cases (see Figs 2 and 3) come from the
HMCode2020 pseudo-spectrum. We note that further discrepancies,
specifically in the Mν = 0.15 eV case, come from using inaccurate
mass function fits in the one-halo terms. This is indicated by the
enhancement of power the reaction gives the pseudo-spectrum (see
dotted and solid green lines in the bottom plot of Fig. 3). It
is in this case that we get 1 < E ∼ P cb1h /P pseudo1h which produces
this enhancement (see equations 2 and 4). This is highlighted in
Fig. A3 where we plot the one-loop perturbation theory prediction
for the reaction (see equation 13), the halo model reaction and the
measurement from COLA for z = 1 in both cases (b) and (c). We
clearly see an overestimation of the halo model reaction at quasi
non-linear scales indicating that E should be less than 1. Note that
in these cases, we find no solution for k and so E is set to unity.7
We expect this source of inaccuracy to be remedied by measuring
the mass function directly from simulations or constraining it using
data.
7The actual value of E is greater than 1 in both cases.
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